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A simple lattice Boltzmann model for numerical simulation of fluid flow and heat transfer inside a rotating
disk-cylinder configuration, which is of fundamental interest and practical importance in science as well as in
engineering, is proposed in this paper. Unlike existing lattice Boltzmann models for such flows, which were
based on “primitive-variable” Navier-Stokes equations, the target macroscopic equations of the present model
for the flow field are vorticity–stream function equations, inspired by our recent work designed for nonrotating
flows �S. Chen, J. Tölke, and M. Krafczyk, Phys. Rev. E 79, 016704 �2009�; S. Chen, J. Tölke, S. Geller, and
M. Krafczyk, Phys. Rev. E 78, 046703 �2008��. The flow field and the temperature field both are solved by the
D2Q5 model. Compared with the previous models, the present model is more efficient, more stable, and much
simpler. It was found that, even though with a relatively low grid resolution, the present model can still work
well when the Grashof number is very high. The advantages of the present model are validated by numerical
experiments.
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I. INTRODUCTION

The complex hydrodynamic behavior of convectional
flow inside a coaxial rotating disk-cylinder configuration has
for a long time been a subject of considerable attention be-
cause of its wide variety of immediate technological appli-
cations, for example, Czochralski crystal growth in material
engineering �1� and electrodeposition process in electro-
chemistry �2�. Due to importance of such flows, considerable
research efforts, experimental works, as well as analytical
and numerical studies have been performed in order to real-
ize their characteristics �3–7�. In the past two decades, par-
ticular attentions have been put on the computational fluid
dynamics �CFD� studies owing to the complications of such
flows �1�. Numerically, the classical CFD methods are based
on the direct discretization of the macroscopic governing
equations �e.g., the Navier-Stokes equations for flow field
and the convection-diffusion equation for temperature field�.
Generally, the assumption of axisymmetric flow is adopted
for simulating such problems. With cylinder coordinates,
only one half of the whole domain needs to be computed so
the computational cost is significantly reduced �1,3,4�. Al-
though algorithmic advances in CFD methods over the last
decade are significant for flows inside a rotating disk-
cylinder configuration, the attempt to develop an alternative
numerical method for such flows is still continued due to the
intrinsic defects of the classical CFD methods in this field
�4,8,9�.

Recently, the lattice Boltzmann �LB� models have ma-
tured for simulating and modeling complicated physical,
chemical, and social systems �10–27�. The implementation
of a LB procedure is quite easy. Parallelization of a LB
model is natural since the relaxation is local and the perfor-
mance increases nearly linearly with the number of CPUs.

Moreover, the LB molds have been compared favorably with
spectral methods �28�, artificial compressibility methods
�29�, finite-volume methods �30,31�, finite difference meth-
ods �32–34�, projection methods �35,36�, and multigrid
method �37�, all quantitative results further validate excellent
performance of the LB method not only in computational
efficiency but also in numerical accuracy. Due to these ad-
vantages, the LB method has been successfully used to simu-
late many problems, from laminar single phase flows to tur-
bulent multiphase flows �12,13�.

However, the available open literature on LB models
simulating thermal flow inside a coaxial rotating disk cylin-
der is still quite sparse �4,8,9�. Recently, Bhaumik and Lak-
shmisha used a three-dimensional D3Q19 multiple-
relaxation-time LB model to simulate lid-driven athermal
swirling flows in a confined cylindrical cavity �9�. In their
work, the fine structures of athermal swirling flows at differ-
ent aspect ratios ��� and Reynolds �Re� numbers were pre-
sented. But because the computational demand required for
three-dimensional LB models is considerably greater, their
discussion was limited in a low regime of Re. Furthermore,
since an axisymmetric swirling flow is a quasi-two-
dimensional problem for conventional CFD solvers in the
cylindrical coordinate system, it obviously decreases the
efficiency of the simulation to use a three-dimensional LB
model to solve such quasi-two-dimensional problems �4,8�.
The difficulty results from that the standard LB model is
based on the Cartesian coordinate system and has the essen-
tial restriction on the lattice uniformity since all the lattice
models are defined on the Cartesian coordinates and the stan-
dard LB model will recover the macroscopic equations in
the Cartesian coordinate system by Chapman-Enskog expan-
sion �8�.

To improve the performance of LB models for such flows,
Peng and his copartners extended Halliday’s idea �38�, which
designed for axisymmetric athermal flow without swirl, to
simulate thermal flow inside a coaxial rotating disk cylinder*kraft@irmb.tu-bs.de
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�8�. The spirit of Halliday’s model is �38�: through the coor-
dinate transformation, the Navier-Stokes equations in the cy-
lindrical coordinate system can be transformed to the specific
pseudo-Cartesian representations with “geometrical forcing”
terms and then to design a so-called “axisymmetric” LB
model to simulate such specific pseudo-Cartesian representa-
tions. The outstanding advantage of Halliday’s model is that
one can use two-dimensional lattice models, such as the
D2Q9 model, to simulate quasi-three-dimensional axisym-
metric flows. Comparing with three-dimensional LB models,
Halliday’s model significantly decreases the computational
demand required for such flows �9�. But at the same time, it
suffers from the puzzle of serious numerical instability. The
first and main reason for numerical instability of Halliday’s
model is that this type of scheme is built on primitive-
variables-based governing equations. However, it is well
known that for rotating axisymmetric flows primitive-
variables-based governing equations are not the best option
from the view point of numerical stability and usually
vorticity-stream-function equations are chosen alternatively
�1�. The second reason for numerical instability is that there
are too many quite complex differential expressions in the
source terms of Halliday-type LB models although there
have been many efforts on trying to reduce this intrinsic
negative effect �4,39,40�. Take the model proposed by Peng
et al., for example, which is a hybrid scheme, namely, to
solve the axial and radial velocity components by the
Halliday-type axisymmetric LB model and to solve the azi-
muthal velocity and the temperature by the central difference
scheme �8�. The authors used the hybrid scheme to simulate
the Wheeler benchmark problem for Czochralski crystal
growth, which is an important generic problem investigated
both experimentally and computationally �1,8�. However, be-
cause hampered by the numerical instability of Halliday-type
model, their discussion is limited in a very narrow range
102�Re�103 and Gr�105. It was found that the hybrid LB
scheme proposed by Peng et al. is unstable for simulations of
axisymmetric flows with high Reynolds number �Re=104�
and high Grashof number �Gr=106� even with very fine grid
such as 200�200. Furthermore, to guarantee the numerical
stability of Peng’s model for rotating flows with Gr=107, the
grid size must be 1000�1000 �4�. However, the Grashof
number in most practical cases is more than 107 �1�, conse-
quently this scheme is hardly used for practical simulations
due to its extreme huge demand for computational resources.
Later, Huang et al. �4� proposed a modified version of Peng’s
model for axisymmetric swirling and rotating thermal flows.
In Huang’s model, the incompressible D2Q9 model proposed
by He and Luo is used instead of the standard D2Q9 model
to improve the numerical stability. In their work, the influ-
ence of geometrical forcing terms, which caused by the co-
ordinate transformation, on numerical stability and computa-
tional efficiency was discussed in detail and the numerical
results were compared with those obtained by the quadratic
upstream interpolation for convective kinematics �QUICK�
scheme with a grid resolution 80�80. Although Huang’s
hybrid LB scheme �4� is more numerically stable than
Peng’s, through numerical tests it was found that for Huang’s
scheme the grid resolution still has to be improved to
150�150 when Gr=106 and at least to 474�474 when

Gr=107 for numerical stability, which also means the huge
demand for computational resources and makes the im-
proved hybrid LB scheme too expensive to simulate practical
cases yet.

In order to overcome the above disadvantages, in this pa-
per we propose a simple lattice Boltzmann model to simulate
thermal flow inside a coaxial rotating disk cylinder, which is
inspired by our recent work designed for axisymmetric non-
rotating flows �41,42�. There are two main differences be-
tween the present model and the existing LB model for such
flows: first, for flow field, the target macroscopic equations
of the present model are vorticity-stream-function equations
instead of the primitive-variables-based Navier-Stokes equa-
tions. As mentioned above, it is the main reason correspond-
ing to numerical instability of Halliday-type model. Second,
in the present scheme, the flow field and the temperature
field both are solved by the two-dimensional D2Q5 lattice
model. The first characteristic makes the present model more
stable and more efficient. In the present model, the source
terms caused by the coordinate transformation are simpler
than that of all existing axisymmetric LB models
�4,8,38–40�, without any complex terms due to vorticity-
stream-function equations instead of Navier-Stokes equa-
tions being invoked. Generally speaking, adding complex
position and time-dependent source terms into LB models
would decrease the numerical stability besides computational
efficiency �4�. More important, from the point of numerical
analysis, vorticity-stream-function-based equations them-
selves are more suitable and more efficient than primitive-
variables-based ones for axisymmetric swirling and rotating
flows, especially for the cases with high Re and high Gr �1�.
The second characteristic makes the present model keep the
simplicity of code, which is an attractive advantage for both
practitioners and novices. In this paper, the present model is
validated by numerical experiments. Comparing with the ex-
isting hybrid LB schemes �4,8�, the present model can still
work well when Gr=107 with a relative low grid resolution
100�100. Hence, our numerical method provides a signifi-
cant advantage for simulating convectional flow inside a co-
axial rotating disk cylinder with high Reynolds number and
high Grashof number. In addition, we have compared the
computational efficiency of the vorticity-stream-function-
based LB model with that of the traditional LB model and
conventional numerical methods. The comparison results
show that the vorticity-stream-function-based LB model is
the most efficient one�35�.

The rest of the paper is organized as follows. The govern-
ing equations for thermal flows inside a coaxial rotating disk
cylinder are presented in Sec. II. In Sec. III, a simple
vorticity-stream-function-based LB model for such flows is
introduced. In Sec. IV, numerical experiments are performed
to test some properties of the present model. Summary and
conclusion are presented in Sec. V.

II. GOVERNING EQUATIONS

The configuration of thermal flows inside a coaxial rotat-
ing disk cylinder is illustrated in Fig. 1, same as that in Refs.
�1,3–8�. It consists of a vertical cylinder of radius Rc filled
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with working fluid to a height H and rotating with an angular
velocity �c. The work fluid is bounded above by a coaxial
disk of radius Rx�Rc rotating with angular velocity �x.

The primitive-variable-based formulas of the governing
equations in the cylindrical coordinate system can be written
as �4,8�
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u, v, and w are radial, azimuthal, and axial velocity compo-
nents, p is the pressure, T is the temperature, � is the kinetic
viscosity, g is the gravitational acceleration along the nega-
tive z axis, 
 is the thermal conductivity, � is the density of
working fluid, and 	 is the coefficient of thermal expansion.
The subscripts c and x stand for the sidewall and the disk.

Because the coupling term uv /r in the discretized govern-
ing equation leads to a false production of angular momen-
tum that is difficult to eliminate, usually a physically con-
served quantity the swirl �=rv, viz the angular momentum
per unit mass, is introduced to overcome this difficulty. Then
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However, in most practical simulations the more frugal
vorticity-stream-function methods are employed instead of
the primitive equations �1,41,42�. Because for rotationally
symmetric flow, computation time can be reduced if the
problem is reformulated so that the three variables u, v, and
p are eliminated in favor of the vorticity � and Stokes stream
function , which are defined as �1�
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erning equations read as �1�
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In the above equations the vorticity � is replaced by the
Svanberg vorticity S=� /r for numerically stable modeling
of physically unstable flows �1�. Other independent scaling
parameters are the following:

�1� Aspect ratio �=H /Rc.
�2� Ratio of cylinder radius to disk radius �R=Rc /Rx.
�3� Ratio of cylinder rotation rate to disk rotation rate

��=�c /�x, � corresponding to the rotating angular veloc-
ity.

�4� Prandtl number Pr=� /
.
�5� Reynolds numbers Rec=Rc

2�c /� and Rex=Rc
2�x /�.

�6� Grashof number Gr=	gRc
3�Tc−Tx� /�2.

�7� Dimensionless temperature T̄= �T−Tx� / �Tc−Tx� for
simplification the overline is omitted in the rest part.

z

r

H
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0 Rc
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(Rotational axis)
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cylinder bottom

rotating disk

gap

FIG. 1. The configuration of coaxial rotating disk-cylinder.
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III. COORDINATE TRANSFORMATION AND
CORRESPONDING LATTICE BOLTZMANN MODEL

By performing the following coordinate transformation
�4,8�:

�r,z� � �x,y� , �15�

�u,w� � �u,v� . �16�

Equations �9�–�14� can be written in the pseudo-Cartesian
coordinates:
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In Eqs. �19�–�22�, the source terms caused by the coordinate
transformation read as
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Bearing in mind that from now on u and v stand for the
velocity components along x and y coordinates.

Equations �19�–�21�, which have the same formulation
except different coefficients, are nothing but advection-
diffusion equations with source terms. There are many ma-
tured efficient lattice Boltzmann models for this type of
equation �17,43–47�. In this paper the D2Q5 model proposed
in our previous work �41,42� is employed. It reads as

gk�x� + ce�k�t,t + �t� − gk�x�,t�

= − �−1�gk�x�,t� − gk
�eq��x�,t�� + �t�o,k, �27�

where e�k�k=0, . . . ,4� are the discrete velocity directions:

e�k = 	�0,0� k = 0
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c=�x /�t is the fluid particle speed. �x, �t and � are the
lattice grid spacing, the time step, and the dimensionless re-
laxation time, respectively. �o,k is the first-order term of the
expansion of the source term �o �17,44�, �o=So ,�o ,To for
Eqs. �19�–�21�, respectively. �o,k satisfies

�
k�0

�o,k = �o. �28�

In this paper we simply choose
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�o

5
. �29�

Compared with the existing LB models for axisymmetric
swirling and rotating flows �4,8�, the expression of �o,k in
the present model is the simplest one without any complex
term.
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where �=Rex ,Rex ,Rex Pr for Eqs. �19�–�21�, respectively.
Equation �22� is just the Poisson equation, which also can

be solved by the LB method �47–54� or the multigrid method
�55,56�. In the present paper, the D2Q5 model used in our
previous work �41,42� is employed to solve the Poisson
equation. The evolution equation for Eq. �22� reads as
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where �k and �k are weight parameters given as �0=�0=0,
and �k=�k=1 /4�k=1, . . . ,4�.  is defined by

 = �
k�1

fk. �34�

Through the Chapman-Enskog expansion, Eqs. �19�–�22�
can be recovered straightforwardly from Eqs. �27� and �33�,
which is very similar with the process presented in Ref. �42�.

The multigrid method perhaps is a better alternative for
solving Poisson equation and the present authors have devel-
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oped a multigrid solver for discrete Boltzmann equation �56�.
The attempt using a multigrid-method-based LB solver to
solve Eq. �22� is under consideration.

IV. NUMERICAL RESULTS

In the present paper, the boundary conditions are

S = −
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r2�z2�r,�R� − �z,t�, � = r2, T = − 0.5,  = 0

�35�

on the rotating disk,

S = −
2

�R
2�r2��R − �r,z,t�, � = ���R

2 , T = 0.5,  = 0

�36�

on the sidewall,

S = −
2

r2�r
�r,�z,t�, � = ��r2,

�T

�z
= 0,  = 0

�37�

on the cylinder bottom,

S = 0,
��

�z
= 0, T = Tx +

r − Rx

Rc − Rx
�Tc − Tx�,  = 0

�38�

on the gap, and the axisymmetric boundary condition �8� for
the rotational axis r=0. �z and �r are grid distances in axial
and radial directions, respectively. The boundary conditions
used in the present paper are same as that in Refs. �4,8,57�.

To validate the present model, as many as 12 cases of
convectional flows inside a coaxial rotating disk cylinder
with difference parameter sets were simulated. The 12 cases
were classified into four groups. In group A, the disk rotates
with Rex varying from 102 to 104, while the cylinder is at rest
and Gr is set to zero. In group B, the disk and cylinder rotate
in opposite directions. Groups A and B are all forced con-
vection problems. Cases in group C are natural convection
problems with 105�Gr�107. Cases in group D are more
like practical applications because these flows combined
both the natural convection and forced convection were in-
vestigated.

In our simulations, Pr=0.05, �R=2.5, ��=0.4, and �
=1, same as those in Refs. �4,8,57�. In order to get grid-
independent numerical results, in this paper we employed
several different grid resolutions, from 80�80 to 256
�256, and found that the grid resolution 100�100 is suffi-
cient to obtain accurate results for most cases except when
Rex=104.

Table I lists the comparison of computed minimum and
maximum stream functions for all the above 12 cases. In the
table, the number in the bracket followed the case type indi-
cates the grid size used. If not specified, the grid used in our
simulation is 100�100. For comparison, we also present the
results of Xu et al. �57� using the second-order difference
scheme with a grid resolution 80�80 and those in Refs.
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�4,8� obtained by hybrid LB schemes for axisymmetric swirl-
ing and rotating flows. In all cases, the maximum absolute
values of stream function computed by the present model
agree very well with the previous data �4,8,57�. Some very
small deviations between the computed minimum absolute
values of stream function can be neglected since the mini-
mum absolute values of stream function are so small com-
pared with the maximum absolute values. It was found that
the hybrid LB scheme proposed by Peng et al. �8� was un-
stable for simulations of melt flows with high Reynolds num-
ber and high Grashof number even with very fine grid �for
example, grid size 1000�1000 for Gr=107� �4�. Although
Huang’s hybrid LB scheme �4� is more numerically stable
than Peng’s, the grid resolution still has to be improved to
150�150 when Gr=106 and at least to 474�474 when Gr
=107 for numerical stability, which means the huge demand
for computational resources and makes the hybrid LB
scheme too expensive to simulate practical flows since most
practical melt flows with Gr�107. Comparing to the existing
hybrid LB schemes �4,8�, the present model can still work
well when Gr=107 with a relative low grid resolution 100
�100. Hence, our numerical method provides a significant
advantage for simulating thermal flows inside a coaxial ro-
tating disk cylinder with high Reynolds number and high

Grashof number since vorticity-stream-function equations in-
stead of Navier-Stokes equations are invoked in the preset
model.

Figure 2 shows the calculated streamlines of case A2,
which typifies the calculations of group A. In this group, it
can be observed that when the disk rotation speed is in-
creased while the cylinder is at rest, the absolute value of the
stream function increases, which means that the intensity of
vortex increases, and the center of the vortex induced by the
rotation moves toward the sidewall of the cylinder and is
deformed increasingly. Meanwhile, the highest velocity re-
gion moves from the upper left corner to the upper right
corner, while the lowest velocity region is enlarged in the
lower left corner.

Figure 3 gives the streamlines of case B2, which repre-
sents the flow pattern of group B. For cases in group B, the
disk and cylinder rotate in opposite directions. As a result,
there are two vortices with opposite directions appearing in
the upper left corner just below the disk and the lower right
corner. With the increase in rotation speeds of the disk and
cylinder, the upper left vortex produced by the disk rotation
moves toward right corner, whereas the lower right vortex
induced by the cylinder rotation moves to left and dominates
the flow field.
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FIG. 2. �Color online� Streamlines of case A2: Gr=0, Rex

=103, Rec=0.
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FIG. 3. �Color online� Streamlines of case B2: Gr=0, Rex

=103, Rec=−250.
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FIG. 4. �Color online� Streamlines of case C2: Gr=106, Rex

=0, Rec=0.
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FIG. 5. �Color online� Streamlines of case D2: Gr=105, Rex

=102, Rec=0.
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Figure 4 depicts the streamlines of case C2, typifying the
calculations belonging to group C. In this group, the disk and
cylinder are at rest and the sidewall Grashof number in-
creases from 105 to 107. When Gr increases, the vortex gets
enlarged and its highest velocity layer moves to the sidewall
of the cylinder. It should be noted that the center of vortex
seems not to change its position at all.

Figure 5 describes the streamlines of case D2, which
serve as a representation for group D. The streamlines illus-
trated the combined effects of the natural convective flow
and forced convective flow. It is found that the streamlines of
cases in group D are very similar to those of case C1 whose
Grashof number is also equal to 105. From Table I, it is also
found that the max of cases in group D are all very close to
that of case C1. That means in cases of group D, if Rex
�103, the natural convective flow dominates the flow while
the force convective flow induced by the disk only has minor
effect.

Figures 6–9 illustrate the temperature contours of cases
A1, B1, C1, and D2, which represent the contours of tem-
perature of corresponding groups. Case D2 is a combination
of case A1 and C1. From Figs. 6 and 7, it is very clear that
for cases of forced convection problems where Gr=0 �cases
in group A and B�, the contours of temperature are very

similar. On the contrary, the temperature field for the Case
C1, namely Fig. 8, is quite different from cases A1 and B1,
and this shows the effect of buoyancy force on the tempera-
ture field. Figure 9 is very similar with Fig. 8, which means
in cases of group D, if Rex�103, the natural convective flow
dominates the flow while the force convective flow induced
by the disk only has minor effect, agreeing well with the
conclusion draw from the flow pattern, viz Fig. 5.

V. CONCLUSION

In this paper we proposed a simple lattice Boltzmann
model for convectional flows inside a coaxial rotating disk
cylinder. Unlike previous axisymmetric LB models, which
based on primitive-variable Navier-Stokes equations, the tar-
get macroscopic equations of the present model for flow field
are vorticity-stream-function equations. Benefitting from the
intrinsic features of vorticity-stream-function equations, the
geometrical forcing term due to the coordinate transforma-
tion needs to be expanded just to first order in the present
model and the constraint on its discrete form is very simple,
without any complex term. Moreover, both the flow field and
the temperature field are simulated by the two-dimensional
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FIG. 6. �Color online� Temperature contours of case A1: Gr=0,
Rex=102, Rec=0.
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FIG. 7. �Color online� Temperature contours of case B1: Gr=0,
Rex=102, Rec=−25.
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FIG. 8. �Color online� Temperature contours of case C1: Gr
=105, Rex=0, Rec=0.
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FIG. 9. �Color online� Temperature contours of case D2: Gr
=105, Rex=102, Rec=0.
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D2Q5 lattice model. Therefore the present model is more
efficient, more stable and much simpler than the existing
models.

We validated the present model by simulating thermal
flows inside a coaxial rotating disk cylinder with Rex�104

and Gr�107, which is investigated both experimentally and
computationally. The fine structures of flow patterns and
temperature distributions are described clearly by the present
model. The numerical results agree well with previous stud-
ies. Comparing with the existing hybrid LB schemes, even
with a low grid resolution, the present model can still work
well when Gr is very high. Consequently, our numerical

method provides a significant advantage for simulating ther-
mal flows inside a coaxial rotating disk cylinder.
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